We consider (1+1) dimensional theory for a single self-dual chiral boson as classical model for gauge theory. Using Batalin-Fradkin-Vilkovisky (BFV) technique the nilpotent BRST and anti BRST symmetry transformations for this theory have been studied. In this model other forms of nilpotent symmetry transformations like co-BRST and anti co-BRST which leave the gauge-fixing part of the action invariant, are also explored. We show that the nilpotent charges for these symmetry transformations satisfy the algebra of de Rham cohomological operators in differential geometry. The Hodge decomposition theorem on compact manifold is also studied in the context of conserved charges.
I. INTRODUCTION
The quantization of classically formulated model and the investigation of their properties is of particular importance in the study of quantum field theory, especially for the case in which the theory possesses constraints. The Dirac quantization [1] of these theories requires that the Dirac brackets to be calculated with respect to the field variables and the constraints of the theory. Another way of approaching the problem, which is very different from the Dirac's method, is the BFV quantization [2, 3] . It is a powerful tech-nique to study the BRST quantization of constrained systems. The main features of BFV approach are, (I) it does not require closure off-shell of the gauge algebra and therefore does not need an auxiliary field, (II) this formalism relies on BRST transformation which are independent of gauge fixing condition and (III) it is also applicable to the first order Lagrangian and hence is more general than the strict Lagrangian approach.
In the formulation of the theories with first class constraints one requires that the physical subspace of total Hilbert space of states contains only those states that are annihilated by the nilpotent and conserved BRST charge Q b i.e. Q b |phys = 0 [1, 4] .
The nilpotency of the BRST charge (Q 2 b = 0) and the physicality criteria (Q b |phys = 0) are the two essential ingredients of BRST quantization. In the language of differential geometry defined on compact, orientable Riemannian manifold, the cohomological aspects of BRST charge is realized in a simple, elegant manner. The nilpotent BRST charge is connected with exterior derivative (de Rham cohomological operator d = dx µ ∂ µ , with d 2 = 0) [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . It has been found that the co-BRST transformation which is also the symmetry of the action and leaves the gauge fixing part of the action invariant. The conserved charge corresponding the co-BRST transformation is shown to be analogue of co-exterior derivative ( δ = ± * d * , with δ 2 = 0) [12] .
In this work we consider the gauge non-invariant model for single self-dual chiral boson [15] [16] [17] [18] [19] . With addition of the Wess-Zumino term this model is treated as a classical system for first class constraint in the context of BFV formulation. Such a model is very useful in the study of certain string theoretic model [20] and plays a crucial role in the studies of quantum Hall effect [21] . Along with nilpotent BRST symmetry, anti BRST (where the role of ghost and antighost fields are changed with some changes in coefficients), co-BRST and anti co-BRST transformations have been investigated in this framework. The generators of all these continuous symmetry transformation are shown to obey the algebra of de Rham cohomological operators of differential geometry. Hodge decomposition theorem in quantum Hilbert space of states is also discussed. Thus we show that the classical theory for self-dual chiral boson is field theoretic model for Hodge theory.
The present model for self-dual chiral boson in (1+1) dimension reduces to an effective model in (0+1) dimension due to self-duality condition. As a consequence, the analogue of the Hodge duality ( * ) operation cannot be defined for this effective model.
We start with the brief introduction about the classical model in Sec. II. In Sec.
III the BFV formulation for the same model has been discussed and BRST symmetry for such model has been constructed. Sec. IV is devoted to show the other nilpotent symmetry transformations for the same system. The connection between algebra satisfied by nilpotent charges and de Rham cohomological operators of differential geometry is shown in Sec V. We conclude our results in Sec. VI.
II. GAUGE INVARIANT THEORY FOR SELF-DUAL CHIRAL BOSON:
PRELIMINARY IDEA
We start with the gauge non-invariant model [16] in (1+1) dimension for single self-dual chiral boson. The Lagrangian density for such a theory is given as
where over dot and prime denote time and space derivatives respectively and λ is Lagrange multiplier. The field ϕ satisfies the self-duality conditionφ = ϕ ′ in this case. We choose the Lorentz metric g µν = (1, −1) where µ, ν = 0, 1. The associated momenta for the field ϕ and Lagrange multiplier are calculated as 2) which shows that the model has following primary constraint
The expression for Hamiltonian density corresponding to above Lagrangian density L is
Further we can write the total Hamiltonian density corresponding to L by introducing Lagrange multiplier field ω for the primary constraint Ω 1 as
Following the Dirac prescription [1] , we obtain the secondary constraint in this case as
The Poison bracket for primary and secondary constraint is nonvanishing,
This implies the constraints Ω 1 and Ω 2 are of second class, which is an essential feature of gauge variant theory (model).
This model is quantized by establishing the following commutation relation [16] [ 
With these redefinition of fields the modified Lagrangian density becomes
where,
is the Wess-Zumino part of the L I . It is easy to check that the above Lagrangian density is invariant under time-dependent chiral gauge transformation:
where µ(x, t) is an arbitrary function of the space and time. The canonical momenta for this gauge-invariant theory are calculated as
This implies the theory L I possesses a primary constraint
14)
The Hamiltonian density corresponding to L I is then given by
The total Hamiltonian density after the introduction of a Lagrange multiplier field u corresponding to the primary constraint Ψ 1 becomes
Following the Dirac's method of constraint analysis we obtain secondary constraint
In Dirac's quantization procedure [1] , we have to change the first class constraints of the theory into second class constraints. To achieve this we impose some additional constraints on the system in the form of gauge fixing conditions ∂ µ ϑ = 0 (∂ 0 ϑ =θ = 0 and −∂ 1 ϑ = −ϑ ′ = 0) [23] . With the above choice of gauge fixing conditions the extra constraint of the theory are
Now, the total set of constrains after gauge fixing are
Using Dirac's quantization procedure [1] , the nonvanishing commutators of gauge invariant theory are obtained as
We end up the section with conclusion that the above relations ( (2.18) . This is similar to the quantization of a gauge invariant chiral Schwinger model (with an appropriate Wess-Zumino term) [23] .
III. BFV FORMULATION FOR MODEL OF SELF-DUAL CHIRAL BOSON
In the BFV approach of this model, one needs to introduce a pair of canonically conjugate ghosts (c, p) with ghost number 1 and −1 respectively, for the first class constraint, π λ = 0 and another pair of ghosts (c,p) with ghost number −1 and 1 respectively, for other constraint, (π ϕ + π ϑ ) = 0. The effective action for (1+1) dimensional theory for a single self-dual chiral boson in this extended phase space then becomes
where Q b is the BRST charge and Ψ is the gauge fixed fermion.
The generating functional, for any gauge invariant effective theory having Ψ as a gauge fixed fermion, is defined as
where φ is generic notation for all the dynamical field involved in the effective theory.
The BRST symmetry generator for this theory is written as
3)
The canonical brackets are defined for all dynamical variables as
and rest of the brackets are zero. The nilpotent BRST transformation, using the relation
represents the bosonic and fermionic nature of fields φ), can explicitly be written as
In BFV formulation the generating functional is independent of the gauge fixed fermion [3, 24] , hence we have liberty to choose it in the convenient way as
where ξ is arbitrary gauge parameter.
Putting the value of Ψ in Eq. (3.1) and using Eq. (3.3), we get
The generating functional for this effective theory can then be expressed as
Performing the integration over p andp in the above functional integration we further obtain
where Dφ ′ is the path integral measure for effective theory when integrations over fields p andp are carried out. Taking the arbitrary gauge parameter ξ = 1 and performing the integration over π λ , we obtain an effective generating functional as
where Dφ ′′ denotes the measure corresponding to all the dynamical variable involved in this effective action. The expression for effective action in the above equation is exactly same as the BRST invariant effective action in Ref. [25] . The BRST symmetry transformation for this effective theory is
which is on-shell nilpotent. Antighost equation of motion (i.e.c + 2c = 0) is required to show the nilpotency.
IV. NILPOTENT SYMMETRIES: MANY GUISES
In this section we study other different nilpotent symmetries of the models with self dual chiral boson, which have different characteristics and play important role in the study of gauge field theories.
A.
Off-shell BRST and anti-BRST Symmetry
We incorporate the Nakanishi-Lautrup type auxiliary field B to linearize the gauge fixing part of the effective action. The first order effective Lagrangian density is then given by
One can trivially show that this effective theory is invariant under the following off-shell nilpotent BRST transformation,
The corresponding anti BRST symmetry transformation of this theory can be written as
The conserved BRST and anti BRST charge Q b and Q ab respectively, that are the generators of the above BRST and anti BRST symmetry transformations, are
Further by using the following equation of motion
it can be shown that these charges are constant of motion i.e.Q b = 0,Q ab = 0, which satisfy following relation,
To arrive in these relations, we have used the canonical brackets [Eq. 
B. Co-BRST and anti co-BRST symmetries
The gauge fixing term has its origin in the co-exterior derivative δ = ± * d * , where * represents the Hodge duality operator. The ± signs is dictated by the dimensionality of the manifold [5] . In this subsection we investigate the nilpotent co-BRST and anti co-BRST (so-called dual and anti dual-BRST respectively) transformation which are also the symmetry of the effective action. Further these transformations leave the gaugefixing term of the action invariant independently and the kinetic energy term (which remains invariant under BRST and anti-BRST transformations) transforms under it to compensate for the transformation of the ghost terms. Therefore it is appropriate to call these transformations as dual and anti dual-BRST transformation.
The nilpotent co-BRST transformation (s 
The conserved charges for the above symmetries (using Noether's theorem) are
and It is easy to verify the following relations
which reflect the nilpotency and anticommutativity property of s d and s ad (i.e. s The anticommutator in Eq. (4.18) define the bosonic symmetry of the system. Under this bosonic symmetry transformation the field variables transform as
However the symmetry operator sw is not an independent bosonic symmetry transformation as shown below
Now, it is easy to see the operators s w and sw satisfy the relation s w + sw = 0. This implies, from Eq. (4.18), that
It is clear from the above algebra that the operator s w is the analogue of the Laplacian operator in the language of differential geometry and the conserved charge for the above symmetry transformation is calculated as
Using the equation of motion, it can readily be checked that
Hence Q w is the constant of motion for this theory.
D. Ghost and discrete symmetries
Now we would like to mention yet another symmetry of the system namely the ghost symmetry. The ghost number of the ghost and anti-ghost fields are 1 and -1 respectively, the rest variables in the action of the this theory have ghost number zero. Keeping this fact in mind we can introduce a scale transformation of the ghost field, under which the effective action is invariant, as
where Λ is a global scale parameter. The infinitesimal version of the ghost scale transformation can be written as
The Noether conserved charge for above symmetry transformations is
In addition to the above continuous symmetry transformation, the ghost sector respects the following discrete symmetry transformations c → ±ic,c → ±ic. The above discrete symmetry transformation is useful in enabling us to obtain the anti BRST symmetry transformations from the BRST symmetry transformation and viceversa.
V. GEOMETRICAL COHOMOLOGY
In this section we study the de Rham cohomological operators and their realization in terms of conserved charges which generate the symmetries for the theory of self-dual chiral boson. In particular we point out the similarity between the algebra obeyed by de
Rham cohomological operators and that by different BRST conserved charges.
A. Hodge-de Rham decomposition theorem and differential operators
The de Rham cohomological operators in differential geometry obey the following al-
where d, δ and ∆ are exterior, co-exterior and Laplace-Beltrami operator respectively.
The operators d and δ are adjoint or dual to each other and ∆ is self-adjoint operator [26] . It is well-known that the exterior derivative raises the degree of form by one when it operates on it (i.e. df n ∼ f n+1 ). On the other hand, the dual-exterior derivative lowers the degree of a form by one when it operates on forms (i.e. δf n ∼ f n−1 ). However ∆ does not change the degree of form (i.e. df n ∼ f n ). Where f n denotes an arbitrary n-form object.
Let M be a compact, orientable Riemannian manifold, then an inner product on the vector space E n (M) of n-forms on M can be defined as [27] (α,
for α, β ∈ E n (M) and * represents the Hodge duality operator [28] . Suppose that α and β are forms of degree n and n + 1 respectively, then following relation for inner product will be satisfied
Similarly, if β is form of degree n − 1, then we have the relation (α, dβ) = (δα, β). Thus the necessary and sufficient condition for α to be closed is that it should be orthogonal to all co-exact forms of degree n. The form ω ∈ E n (M) is called harmonic if ∆ω = 0. Now let β be a n-form on M and if there exists another n-form α such that ∆α = β, then for
where H n (M) denote the subspace of E n (M) of harmonic forms on M. Therefore, if a form α exist with the property that ∆α = β, then Eq. (5.4) is necessary and sufficient condition for β to be orthogonal to the subspace H n . This reasoning lead to the idea that E n (M) can be partitioned into three distinct subspaces Λ n d , Λ n δ and H n which are consistent with exact, co-exact and harmonic forms respectively. Therefore, the Hodge-de
Rham decomposition theorem can be stated as [29] :
A regular differential form of degree n (α) may be uniquely decomposed into a sum of the harmonic form (α H ), exact form (α d ) and co-exact form (α δ ) i.e.
B. Hodge-de Rham decomposition theorem and conserved charges
Using the canonical brackets given in Eq. (3.4) the conserved charges of all the symmetry transformation can be shown to satisfy the following algebra This algebra is reminiscent of the algebra satisfied by the de Rham cohomological operators of differential geometry given in Eq. (5.1). Comparing (5.1) and (5.6) we obtain following analogies
Let n be the ghost number associated with a particular state |ψ n defined in the total Hilbert space of states, i.e., iQ g |ψ n = n |ψ n (5.8)
Then it is easy to verify the following relations 9) which imply that the ghost numbers of the states Q b |ψ n , Q d |ψ n and Q w |ψ n are (n + 1), (n − 1) and n respectively. The states Q ab |ψ n and Q ad |ψ n have ghost numbers 
10) 11) where the most symmetric state is the harmonic state |w n that satisfies That is the operator form of the first-class constraint which annihilates the physical state as a consequence of the above physicality criteria, which is consistent with the Diracs method of quantization of a system with first-class constraints.
VI. CONCLUSION
BFV technique plays important role in the gauge theory to analyze the constraint and the symmetry of the system. We have considered such a powerful technique to study the theory of self-dual chiral boson. In particular we have derived the nilpotent BRST symmetry transformations for this theory using BFV technique. Further we have studied the dual-BRST transformation which is also the symmetry of the effective action and leaves gauge-fixing part of effective action invariant separately. Interchanging the role of ghost and antighost fields the anti BRST and anti dual-BRST symmetry transformations are also constructed. We have shown that the nilpotent BRST and anti dual-BRST symmetry transformations are analogous to the exterior derivative as the ghost number of the state |ψ n on the total Hilbert space is increased by one when these operate on |ψ n and the algebra followed by these are same as the algebra obeyed by the de Rham cohomological operators. In the similar fashion the dual-BRST and anti BRST symmetry transformations are linked to the co-exterior derivative. The anticommutator of either the BRST and the dual-BRST transformations or anti BRST and anti dual-BRST transformations leads to a bosonic symmetry which turns out to be the analogue of the Laplacian operator.
Further, the effective theory has a non-nilpotent ghost symmetry transformation which leaves the ghost terms of the effective action invariant independently. Further we have noted that the Hodge duality operator ( * ) does not exist for the theory of self-dual chiral boson in (1+1) dimension because effectively this theory reduces to a theory in (0+1) dimension due to self duality condition of fields (φ = ϕ ′ as well asθ = ϑ ′ ). The algebra satisfied by the conserved charges is exactly same in appearance as the algebra of the de Rham cohomological operators of differential geometry. Thus we have realized that the theory for self-dual chiral boson is a Hodge theory.
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